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1 Introduction
Ambitwistor strings [1, 2] have many surprising properties; while much attention has rightly
been paid to their utility for computing scattering amplitudes, they can also be defined
on non-linear background fields [3, 4]. On such curved backgrounds the ambitwistor string
is described by a chiral worldsheet CFT with free OPEs, which allows for many exact
computations in these backgrounds, in stark contrast to conventional string theories where
an expansion in the inverse string tension is needed (cf., [5–7]). For instance, the fully
non-linear equations of motion for NS-NS supergravity [3] and gauge theory [4] emerge as
exact worldsheet anomaly cancellation conditions, and ambitwistor strings have been used
to compute 3-point functions on gravitational and gauge field plane wave backgrounds [8]
correctly reproducing results found with ‘standard’ space-time techniques [9].
Thus far, only a RNS formalism for the ambitwistor string has been shown to be
quantum mechanically consistent at the level of the worldsheet. While pure spinor and
Green-Schwarz versions of the ambitwistor string (or deformations thereof) have been de-
fined on curved backgrounds [10–13], it is not clear that they are anomaly-free since only
classical worldsheet calculations have been done in these frameworks. In this paper we
study the heterotic and type II ambitwistor strings in the RNS formalism, at the expense
of only working with NS-NS backgrounds. These backgrounds will be non-linear, and
generic apart from constraints imposed by nilpotency of the BRST operator (i.e., anomaly
cancellation): the Yang-Mills equations in the heterotic case and the NS-NS supergravity
equations in the type II case.
For each of these models, we construct vertex operators in the (−1,−1) picture for
all NS-NS perturbations of the backgrounds and investigate the constraints imposed on
the operators by BRST closure. In the heterotic model we consider only one such vertex
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operator whose BRST closure imposes the linearised gluon equations of motion (as well as
gauge-fixing conditions) on the perturbation around a Yang-Mills background. In the type
II model we consider three vertex operator structures, corresponding to symmetric rank-
two tensor, anti-symmetric rank-2 tensor, and scalar perturbations. With a background
metric (obeying the vacuum Einstein equations), BRST closure fixes the two tensorial
perturbations to be a linearised graviton and B-field respectively. On a general NS-NS
background (composed of a non-linear metric, B-field and dilaton), the three structures
are combined into a single vertex operator, whose BRST closure imposes the linearised
supergravity equations of motion on the perturbations.
We comment on the descent procedure for obtaining vertex operators in picture number
zero, as well as the prospects for obtaining integrated vertex operators. We also mention
some unresolved issues regarding the GSO projection in curved background fields.
2 Heterotic ambitwistor string
As a warm up we first describe the vertex operator for a gluon in the heterotic ambitwistor
string on a generic Yang-Mills background field since the calculations here are mostly
straightforward. This model was defined in a gauge background in [4]; as usual for am-
bitwistor strings the worldsheet action is free
S =
1
2pi
∫
Σ
Πµ ∂¯X
µ +
1
2
Ψµ ∂¯Ψ
µ + SC , (2.1)
where Σ is a closed Riemann surface and SC is the action for a holomorphic current algebra
for some gauge group. The bosonic field Xµ is a worldsheet scalar, and Πµ is its spin 1
conjugate. The real fermions Ψµ are spin 12 fields on the worldsheet. The action (2.1)
implies free OPEs for the worldsheet fields, along with the usual OPE for a holomorphic
worldsheet current algebra:
Xµ(z)Πν(w) ∼ δ
µ
ν
z − w , Ψ
µ(z)Ψν(w) ∼ η
µν
z − w ,
ja(z) jb(w) ∼ k δ
ab
(z − w)2 +
fabc jc(w)
z − w ,
(2.2)
where ηµν is the d-dimensional Minkowski metric, k is the level of the current algebra, and
fabc are the structure constants of the gauge group. At the level of the worldsheet fields
dependence on a background gauge field enters through the non-standard gauge transfor-
mations of the field Πµ. From now on we take the k → 0 limit to decouple gravitational
degrees of freedom from the model [4, 14].
In addition to the stress-energy tensor T , two other (holomorphic) currents are gauged:
one is fermionic of spin 32 while the other is bosonic of spin 2. These currents depend
explicitly on the background gauge field Aaµ; the spin
3
2 current is
G = Ψµ
(
Πµ −Aaµ ja
)
, (2.3)
and the spin 2 current is
H = Π2 − 2ΠµAaµja +AaµAµbjajb +ΨµΨνF aµνja − ∂ (∂µAµaja) + fabcjcAµb∂Aaµ . (2.4)
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Here F aµν is the field strength of A
a
µ. It is straightforward to show that these currents obey
G(z)G(w) ∼ H
z − w , (2.5)
without any conditions on the background field.
Constraints on Aaµ emerge by requiring the gauging of the currents (2.3) and (2.4) to
be quantum mechanically consistent on the worldsheet. Indeed, this gauging leads to the
modification of the worldsheet action by ghost systems
S → S + 1
2pi
∫
Σ
b ∂¯c+ b˜ ∂¯c˜+ β ∂¯γ , (2.6)
and an associated BRST charge
Q =
∮
c T + bc∂c+ γ G+
c˜
2
H+
b˜
2
γ2 , (2.7)
for T the full stress-energy tensor (including all ghost and current algebra contributions,
except the (b, c) system) and all expressions assumed to be normal-ordered. Here (b, c) are
the fermionic ghosts associated to gauging holomorphic worldsheet gravity, (β, γ) are the
bosonic ghosts associated to gauging G, and (b˜, c˜) are the fermionic ghosts associated to
gauging H. Both c, c˜ are spin −1 while γ is spin −12 .
Requiring Q2 = 0 gives the anomaly cancellation conditions for the theory. The
holomorphic conformal anomaly — controlled entirely through T — constrains the space-
time dimension in terms of the central charge of the current algebra, but puts no restrictions
on Aaµ. However the {G,H} algebra is also anomalous unless it closes: G(z)H(w) ∼ 0. This
requirement does constrain the background gauge field:
G(z)H(w) ∼ 0 ⇐⇒ D[µF aνα] = 0 = DµF aµν , (2.8)
where D = ∂+A is the covariant derivative. These equations are the usual Bianchi identity
obeyed by the field strength and the Yang-Mills equations. As expected, vanishing of BRST
anomalies imposes on-shell conditions on the background fields.
2.1 Gluon vertex operator
Our goal is now to describe perturbations of the Yang-Mills background Aaµ at the level of
vertex operators in the worldsheet CFT. Let aaµ(X) be a perturbation of the background. A
natural ansatz for an associated vertex operator in the ‘fixed’ picture (i.e., picture number
−1) is
V = cc˜ δ(γ)Ψµ aaµ j
a . (2.9)
This is an admissible vertex operator if it is annihilated by the BRST operator Q. Since
V is a conformal primary of spin zero, the only interesting contributions to QV come from
higher poles in OPEs with the currents (2.3) and (2.4). Using the free OPEs (2.2), it is
straightforward to show that
G(z)V (w) ∼ −cc˜ δ(γ)D
µaaµ j
a(w)
(z − w)2 + · · · , (2.10)
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and
H(z)V (w) ∼ cc˜ δ(γ)Ψ
νja
(z − w)2
(
DµDµa
a
ν + 2f
abcabµF cµν
)
(w) + · · · , (2.11)
where the + · · · represent single pole terms in the OPE which will not contribute to the
action of the BRST charge.
In particular, these OPEs indicate that
QV = cc˜ δ(γ) ja
[
∂c˜Ψν
(
DµDµa
a
ν + 2f
abc abµ F cµν
)
− ∂γ Dµaaµ
]
. (2.12)
So requiring QV = 0 imposes the Lorenz gauge condition (Dµaaµ = 0) as well as the
linearised Yang-Mills equations
DµDµa
a
ν + 2f
abc abµ F cµν = 0 (2.13)
on the perturbation. In other words, the vertex operator lies in the BRST cohomology if and
only if aaµ describes an on-shell gluon fluctuation on the non-linear Yang-Mills background.
The standard descent procedure (cf., [15–17]) can be used to obtain the gluon vertex
operator in zero picture number. To do this, we simply use the standard picture changing
operator δ(β)G to get
cc˜U(w) = lim
z→w
δ(β)G(z)V (w) (2.14)
= cc˜
(
ΨµΨνDνa
a
µj
a + (Πµ − Aµaja)abµjb − fabcabµ jc ∂Aµa
)
(w) . (2.15)
An equivalent way to derive U(w) is by linearising the current H around a Yang-Mills
background, keeping in mind that the perturbation aaµ obeys the Lorenz gauge condition.
Further descent into an integrated vertex operator using the b-ghost and the stress-
energy tensor can be carried out as in the usual string. How to perform the descent using
the b˜-ghost and H current remains an open question, although it is well-known how to do
so in a flat background [1, 18, 19].
3 Type II ambitwistor string
We now move on to the type II ambitwistor string on a curved NS-NS background composed
of a metric gµν , B-field Bµν and dilaton Φ. This model was defined in [3] with worldsheet
action
S =
1
2pi
∫
Σ
Πµ ∂¯X
µ + ψ¯µ ∂¯ψ
µ +
RΣ
4
log
(
e−2Φ
√
g
)
, (3.1)
where (ψµ, ψ¯ν) is a complex fermion system of spin
1
2 . The final term, proportional to
the worldsheet curvature RΣ, is required to ensure quantum mechanical diffeomorphism
invariance, but does not affect local calculations (such as OPEs) since this curvature can
always be set to zero in a small neighborhood on the worldsheet. Thus, the OPEs between
worldsheet fields remain free and independent of the background fields:
Xµ(z)Πν(w) ∼ δ
µ
ν
z − w , ψ
µ(z) ψ¯ν(w) ∼ δ
µ
ν
z − w , (3.2)
although Πµ does not transform covariantly under a space-time diffeomorphism [3].
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The type II model features the gauging of three additional currents, as well as the
holomorphic stress-energy tensor. Two of these are spin 32 fermionic currents,
G = ψµΠµ + ∂(ψµΓκµκ)− 2∂(ψµ∂µΦ) + 1
3!
ψµψνψκHµνκ , (3.3)
G¯ = gµνψ¯ν(Πµ − Γκµλψ¯κψλ)− gµν∂(ψ¯κΓκµν)− 2∂(gµνψ¯µ∂νΦ) + 1
3!
ψ¯µψ¯σψ¯λH
µσλ , (3.4)
where Γκµν are the Christoffel symbols of gµν and Hµνσ is a background three-form. The
third current is bosonic of spin 2, given by1
H = gµν
(
Πµ − Γκµλψ¯κψλ
)(
Πν − Γκνλψ¯κψλ
)
− 1
2
Rκλµνψ¯κψ¯λψ
µψν
− gµν∂ (ΠρΓρµν)− ψ¯κ∂ψλgµν∂λΓκµν + ψµ∂µ (gρσ∂(ψ¯κΓκρσ))
+
1
2
gµνHµκλψ
κψλ
(
Πν − Γρνσψ¯ρψσ
)
+
1
2
(
Πµ − Γκµλψ¯κψλ
)
H ρσν ψ¯ρψ¯σ
+
1
4
gµνHµκλψ
κψλH ρσν ψ¯ρψ¯σ −
1
3!
ψµψ¯νψ¯κψ¯λ∇µHνκλ − 1
3!
ψ¯µψ
νψκψλ∇µHνκλ
+
1
2
Hµνκψ¯κ∂
(
Hµνλψ
λ
)
+ ∂ (Hκλνψ
ν) gκσΓλσρψ
ρ − ∂
(
Hκλνψ
νgκσΓλσρψ
ρ
)
− 1
2
∂σHµνρψ
νψρ∂gσµ − 1
12
Hµνρ∂2Hµνρ +
1
2
ΓρµνHσλρψ
σψλ∂gµν
− 2∂ (gµνΠµ∂νΦ)− ∂
(
ψ¯κψ
λ(2∇κ∂λΦ− 2gµνΓκµλ∂νΦ)
)
.
(3.5)
These currents are covariant with respect to target space diffeomorphisms and conformal
primaries of the worldsheet CFT. This is despite the fact that they contain various terms
which do not appear to be manifestly covariant, due to the requirement of normal-ordering
on the worldsheet.
Gauging these currents along with holomorphic worldsheet gravity leads to a BRST
operator
Q =
∮
c T + bc∂c+
c˜
2
H+ γ¯ G + γ G¯ − 2γγ¯b˜ , (3.6)
where the (b, c), (b˜, c˜), (β, γ) ghost systems have the same quantum numbers as in the
heterotic case, and (β¯, γ¯) have the same quantum numbers as their un-barred cousins (i.e.,
they are bosonic and γ¯ has spin −12). The stress tensor can be broken into matter and
ghost contributions T = Tm + Tgh, with
Tm = −Πµ∂Xµ − 1
2
(ψµ∂ψ
µ + ψµ∂ψ¯µ)− 1
2
∂2 log(e−2Φ
√
g) (3.7)
for the matter fields and
Tgh = c˜∂b˜− 2b˜∂c˜− 3
2
β∂γ − 1
2
γ∂β − 3
2
β˜∂γ˜ − 1
2
γ˜∂β˜ (3.8)
for the ghost fields, where we again exclude the (b, c) system.
1This expression for H corrects some typos made in [3]. We have checked that these modifications don’t
alter any of the results in [8].
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As in the heterotic model, Q2 = 0 is obstructed by a conformal anomaly and anomalies
related to the gauged currents — in this case {G, G¯,H}. The conformal anomaly imposes
no constraints on the background fields and is eliminated by selecting the critical space-
time dimension d = 10. The other anomalies vanish if the algebra of currents is quantum
mechanically closed:
G(z)G(w) ∼ 0 ∼ G¯(z) G¯(w) , G(z) G¯(w) ∼ H
z − w , (3.9)
and these conditions impose constraints on the background fields. The requirement that
the G(z)G(w) and G¯(z)G¯(w) OPEs be non-singular imposes
∂[µHνρσ] = 0 , Rµ[νρσ] = 0 , R(µν)ρσ = 0 , (3.10)
which are the usual Bianchi identities and symmetries of the Riemann tensor of the back-
ground metric, along with dH = 0. This latter statement indicates that (locally) H = dB;
that is, H arises as the field strength of a background B-field.
Dynamical constraints on the background fields emerge from the final closure require-
ment of (3.9), which imposes
R+ 4∇µ∇µΦ− 4∇µΦ∇µΦ− 1
12
H2 = 0 ,
Rµν + 2∇µ∇νΦ− 1
4
HµρσHν
ρσ = 0 , (3.11)
∇κHκµν − 2Hκµν∇κΦ = 0 .
These are precisely the field equations for the NS-NS sector of type II supergravity, so van-
ishing of BRST anomalies enforces the appropriate equations of motion on the background
fields.
3.1 Graviton vertex operator
To begin, consider the type II model with only a background metric gµν turned on, and
let hµν(X) be a symmetric, traceless perturbation of this metric. A fixed picture vertex
operator associated to this perturbation is given by
Vh = cc˜ δ(γ)δ(γ¯)Oh = cc˜ δ(γ)δ(γ¯)
(
ψ¯µψ
νhµν − 1
2
(∂gµν)h
µν
)
. (3.12)
Note that this contains a quantum correction term proportional to a worldsheet derivative.
While this quantum correction vanishes for flat or certain highly symmetric backgrounds
(e.g., a plane wave metric written in Brinkmann coordinates [8]), it plays a crucial role on
a general background.
For Vh to be an admissible vertex operator, it must be annihilated by the BRST
operator (3.6). Since Vh is a conformal primary of spin 0 on the worldsheet, any po-
tential obstructions to its Q-closure arise from OPEs between the operator Oh and the
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currents (3.3), (3.4) and (3.5) with Hµνρ = 0 = Φ. One finds:
G(z)Oh(w) ∼ −ψ
ν ∇µhµν
(z − w)2 (w) + · · · , (3.13)
G¯(z)Oh(w) ∼ g
ρσψ¯µ∇ρhµσ
(z − w)2 (w) + · · · , (3.14)
and
H(z)
2
Oh(w) ∼ h
µνRµν
(z − w)3 (w) +
ψ¯αψ
β
2 (z − w)2
(∇κ∇κhαβ − 2Rασγβhσγ
−Rσαhσβ −Rσβhασ + 2hλβRαλ
)
(w) +
∂Xγ
(z − w)2
(
1
2
hµν∂γR
µν (3.15)
+
1
4
∂γg
µν(∇α∇αhµν − 2Rµαβνhαβ −Rλµhλν −Rλνhµλ)
)
(w) + · · · ,
where the + · · · stand for terms which do not contribute to the action of the BRST operator.
Since the background metric obeys the vacuum Einstein equations (Rµν = 0), these
OPEs imply that
QVh = cc˜ δ(γ)δ(γ¯)
[
∂γ ψ¯µ∇νhµν − ∂γ¯ ψν ∇µhµν (3.16)
+
∂c˜ ψ¯µψ
ν
2
(
∇α∇αhµν − 2Rµαβνhαβ
)
+
∂c˜ ∂gµν
4
(
∇α∇αhµν − 2Rµαβνhαβ
)]
.
Thus, the OPEs between the vertex operator and the currents G, G¯ impose the de Donder
gauge condition
∇µhµν = 0 , (3.17)
which is consistent with expectations from the flat background case [1]. The OPE between
the vertex operator and the current H leads to the linearised Einstein equation for a metric
perturbation on a vacuum Einstein background:
∇α∇αhµν − 2Rµαβνhαβ = 0 . (3.18)
In other words, requiringQVh = 0 imposes precisely the physical gauge-fixing and linearised
equation of motion for a graviton on the perturbation hµν .
What happens when the background B-field and dilaton are switched on? Keeping the
form (3.12) for the vertex operator, it remains to check the action of the full (i.e., with gµν ,
Hµνρ and Φ) BRST operator (3.6) on Vh. The additional background fields do not change
the fact that QVh is governed entirely by the OPEs between Oh and the currents (3.3), (3.4)
and (3.5), although these OPEs are now substantially more complicated. One finds that
G(z)Oh(w) ∼ − ψ
ν
(z − w)2 (∇µh
µ
ν − 2hµν∂µΦ) + · · · , (3.19)
G¯(z)Oh(w) ∼ g
ρσψ¯µ
(z − w)2 (∇ρh
µ
σ − 2hµρ∂σΦ) + · · · , (3.20)
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while the OPE between H and Oh is
H(z)
2
Oh(w) ∼ h
µν
(z − w)3
(
Rµν + 2∇µ∇νΦ− 1
4
HµρσHν
ρσ
)
+
ψ¯αψ
β
(z − w)2
[
hλβ
(
Rαλ + 2∇α∇λΦ− 1
4
HαρσHλ
ρσ
)
+
1
2
(
∇λ∇λhαβ − 2Rασρβhσρ −Rσαhσβ
−Rσβhασ − hρσHβρκHασκ − 2(hασ∇β∂σΦ+ hβσ∇α∂σΦ+∇σhαβ∂σΦ)
)]
+
1
(z − w)2
[
hµν
2
∂
(
Rµν + 2∇µ∇νΦ− 1
4
HµρσH
νρσ
)
+
∂gµν
4
(
∇λ∇λhµν − 2Rµαβνhαβ
−Rλµhλν −Rλνhλµ − hλσHµλαHνσα − 2 (hµσ∇ν∂σΦ− hνσ∇µ∂σΦ+∇σhµν∂σΦ)
)]
+
ψρψσ
2 (z − w)2
(
∇νhλσHρνλ + h
αβ
2
∇αHβσρ
)
− ψ¯ρψ¯σ
2 (z − w)2
(
∇νhσλHρνλ +
hαβ
2
∇αHβσρ
)
+ · · · , (3.21)
where all numerators are evaluated at w on the worldsheet, and + · · · again denotes terms
which will not contribute to the action of the BRST operator.
Using the fact that the background fields obey the non-linear equations of mo-
tion (3.11), this means that
QVh = cc˜ δ(γ)δ(γ¯)
[
∂γ ψ¯µ (∇νhµν − 2hµν∂νΦ)− ∂γ¯ ψν (∇µhµν − 2hµν∂µΦ)
× ∂c˜
4
(
2ψ¯µψν + ∂gµν
) (∇λ∇λhµν − 2Rµρσνhρσ −Rλµhλν −Rλνhλµ
−hλσHµλαHνσα − 2 (hµσ∇ν∂σΦ+ hνσ∇µ∂σΦ+∇σhµν∂σΦ)
)
+
∂c˜
2
(
ψµψν − ψ¯µψ¯ν)
(
∇ρhλν Hµρλ − h
ρσ
2
∇ρHσµν
)]
, (3.22)
where indices are raised and lowered with the background metric. The requirementQVh = 0
therefore imposes the generalized de Donder gauge condition
∇µhµν = 2hµν∂µΦ , (3.23)
as well as the linearised equation of motion
∇λ∇λhµν − 2Rµρσνhρσ −Rλµhλν −Rλνhλµ − hλσHµλαHνσα
−2 (hµσ∇ν∂σΦ+ hνσ∇µ∂σΦ+∇σhµν∂σΦ) = 0 . (3.24)
As desired, this is precisely the linearisation of the symmetric tensor equation from (3.11)
for a metric perturbation.
However, we also obtain an antisymmetric constraint from the last line of (3.22):
∇ρhλν Hµρλ − h
ρσ
2
∇ρHσµν = 0 . (3.25)
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From a space-time perspective, this is unexpected: given a symmetric, traceless perturba-
tion hµν , one only expects to obtain the symmetric equation of motion (3.24). The antisym-
metric equation (3.25) arises because the background fields {g,H,Φ} are still treated as fluc-
tuating quantum fields by the worldsheet theory. Indeed, these background fields are func-
tionals of the worldsheet field Xµ(z), which is a full quantum field contributing to all OPEs.
This means that the perturbation hµν can backreact on the background geometry,
leading to additional constraints. In particular, a metric perturbation sources terms in
the antisymmetric equation of motion for the background fields (3.11).2 At the level of
a space-time variational problem, this corresponds to evaluating the space-time action
on {g + h,H,Φ} and varying it with respect to all these fields. Projecting the resulting
equations of motion onto the parts linear in h gives the symmetric equation (3.24) and the
antisymmetric equation (3.25) as well as the trivial scalar constraint.
Consequently, the graviton vertex operator only makes sense in the BRST cohomology
in the presence of a background metric. When a full NS-NS background is turned on, QVh =
0 leads to the physical gauge-fixing condition (3.23) and correct equation of motion (3.24),
but also an additional backreaction constraint (3.25). We will see the resolution of this
issue in section 3.4.
3.2 B-field vertex operator
Consider a B-field perturbation bµν(X), which is anti-symmetric (bµν = b[µν]). As in
the graviton case, initially we seek a vertex operator to describe this perturbation on a
background metric gµν alone. Using consistency with the flat space GSO projection as a
guide, the candidate vertex operator in the fixed picture is:
V
(0)
b =
cc˜
2
δ(γ)δ(γ¯)
(
ψµψν bµν − ψ¯µψ¯ν bµν
)
. (3.26)
It is straightforward to compute the action of the BRST operator Q on V
(0)
b ; since the
operator is a conformal primary of spin zero with a canonical ghost structure, QV
(0)
b is
controlled entirely by the OPEs between the terms in brackets in (3.26) and the currents
G, G¯, H (with Hµνρ = 0 = Φ).
This leads to
QV
(0)
b = cc˜ δ(γ)δ(γ¯)
[
∂γ ψ¯ν ∇µbµν + ∂γ¯ ψν ∇µbµν (3.27)
+
∂c˜
4
(
ψµψν − ψ¯µψ¯ν) (∇λ∇λbµν − 2Rσµνρbσρ + 2Rσµbνσ
)]
.
Using the vacuum Einstein equations for the background, QV
(0)
b = 0 imposes the gauge-
fixing constraint
∇µbµν = 0 , (3.28)
2The metric perturbation can also source a scalar constraint, but it is easy to see that this vanishes on
the support of the background equations of motion.
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as well as the equation of motion
∇λ∇λbµν − 2Rσµνρ bσρ = 0 (3.29)
on the perturbation. Sure enough, (3.29) is precisely the linearised equation of motion for
a B-field propagating on a vacuum Einstein background.
From our experience with the graviton vertex operator, we know that a B-field per-
turbation in a general NS-NS background will source the linearised scalar and symmetric
tensor equations of motion, leading to unwanted constraints on the perturbation. Never-
theless, it is instructive to see how this arises by constructing a vertex operator for the
perturbation bµν with a background metric, B-field and dilaton.
It is easy to see that V
(0)
b is no longer correct in this case; we claim that it must be
supplemented by additional terms with non-standard worldsheet ghost structure. To write
these terms down, we must bosonize the worldsheet ghost systems (β, γ) and (β¯, γ¯) [15].
Let φ be a chiral scalar on the worldsheet, and (η, ξ) be a pair of fermions of spin +1 and
0, respectively. These fields have OPEs
φ(z)φ(w) ∼ − ln(z − w) , η(z) ξ(w) ∼ 1
z − w, (3.30)
and are related to the ghosts (β, γ) by
γ = η eφ , β = e−φ ∂ξ , (3.31)
using the fact that an exponential of the chiral scalar ekφ has spin −(k+ k22 ). An additional
copy of each system, φ¯, (η¯, ξ¯) is introduced (with identical statistics) for the (β¯, γ¯) ghost
system.
With these bosonized ghost systems, the B-field vertex operator on a general NS-NS
background is given by
Vb = V
(0)
b +O(1)b + O¯(1)b , (3.32)
where the additional operators are
O(1)b =
cc˜
4
∂c˜ ∂ξ e−2φe−φ¯ ψµHµρσb
ρσ ,
O¯(1)b =
cc˜
4
∂c˜ ∂ξ¯ e−2φ¯e−φ ψ¯µH
µρσbρσ .
(3.33)
The fact that these additional operators are required is perhaps not surprising, since the
background B-field couples to the BRST operator in a manner that is distinctly different
to the background metric.
We must now check the action of the BRST operator on Vb. While QV
(0)
b was governed
entirely by the OPEs between the currents G, G¯ and H, the same is not true of QVb. This
is due to the non-standard ghost structure of O(1)b , O¯(1)b . For instance, there are now
non-trivial OPEs with the structure constant terms in (3.6) that must be accounted for:
−2b˜γγ¯(z)O(1)b (w) ∼
cc˜e−φ¯η
z − w
ψ¯µH
µρσbρσ
2
+ · · · , (3.34)
−2b˜γγ¯(z)O¯(1)b (w) ∼
cc˜e−φη¯
z − w
ψµHµρσb
ρσ
2
+ · · · , (3.35)
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making use of the general rule
e±φ(z) ekφ(w) = (z − w)∓k : e±φ(z) ekφ(w) : (3.36)
for OPEs between exponentials of the chiral scalar. Note that contributions from the ex-
pansion of e±φ(z) are of crucial importance, canceling algebraic contributions to the OPEs
γ¯G(z)V (0)b (w) ∼ −
cc˜e−φη¯
z − w
(
ψ¯β
(
∇αbαβ − 2bαβ∂αΦ
)
+
ψµHµρσb
ρσ
2
)
, (3.37)
γG¯(z)V (0)b (w) ∼ −
cc˜e−φ¯η
z − w
(
ψβ (∇αbαβ − 2bαβ∂αΦ) + ψ¯µH
µρσbρσ
2
)
. (3.38)
Similarly, at every stage of this calculation it is crucial to consider all possible contributions
from ghosts to the OPEs. Note that contributions from the stress-energy tensor terms in
Q remain trivial, since both O(1)b and O¯(1)b are conformal primaries of spin zero — despite
their non-trivial ghost structure.
The final result of these calculations is
QVb=
cc˜
4
∂c˜e−φe−φ¯
[
ψ¯ρψ
σ (Hµαρ(db)µασ+Hµασ(db)
µαρ)+∂gρσ
(
Hµβρ(db)µβσ
)
+(ψµψν− ψ¯µψ¯ν)
(
∇λ∇λbµν−2Rαµνβbαβ+2Rαµbνα−2∂αΦ∇αbµν+4bαµ∇ν∂αΦ
)]
−cc˜e−φη¯ ψ¯β
(
∇αbαβ−2bαβ∂αΦ
)
−cc˜e−φ¯ηψβ (∇αbαβ−2bαβ∂αΦ)
+
cc˜
12
∂c˜e−φ∂e−φ¯Hµνρ(db)µνρ− cc˜
12
∂c˜∂e−φ e−φ¯Hµνρ(db)µνρ , (3.39)
where (db)µασ = ∂µbασ + ∂αbσµ + ∂σbµα and all terms proportional to the background
equations of motion (3.11) have been set to zero. As desired, setting QVb = 0 enforces the
gauge condition
∇µbµν = 2bµν ∂µΦ , (3.40)
along with the linearised equation of motion for a B-field perturbation on a NS-NS back-
ground:
∇λ∇λbµν − 2Rρµνσ bρσ + 2Rσ [µbν]σ − 2∂σΦ∇σbµν + 4bσ[µ∇ν]∂σΦ = 0 . (3.41)
We also obtain additional scalar and symmetric backreaction constraints on the perturba-
tion:
Hµ
ρσ (db)νρσ = 0 = H · (db) . (3.42)
So as expected, Vb only makes sense in the BRST cohomology on a purely metric back-
ground.
3.3 Dilaton vertex operator
In usual superstring theory, the form of the dilaton vertex operator [20] is complicated by
the fact that the dilaton couples to the worldsheet action through the Fradkin-Tseytlin
term [5]. A similar mechanism is in play in the ambitwistor string, visible at the level of
– 11 –
J
H
E
P
0
1
(
2
0
1
9
)
2
1
3
the BRST charge through the last term in the matter stress-energy tensor (3.7). For a
scalar perturbation on space-time ϕ(X), the associated ambitwistor string vertex operator
is composed of four terms:
Vϕ = O(1)ϕ + O¯(1)ϕ +O(2)ϕ + O¯(2)ϕ , (3.43)
where
O(1)ϕ = −cc˜ ∂c˜ ∂ξ e−2φ e−φ¯ ψµ∂µϕ , (3.44)
O¯(1)ϕ = −cc˜ ∂c˜ ∂ξ¯ e−2φ¯ e−φ ψ¯µ∂µϕ , (3.45)
O(2)ϕ = 2 cc˜ ∂e−φ e−φ¯ ϕ , (3.46)
O¯(2)ϕ = −2 cc˜ e−φ ∂e−φ¯ ϕ . (3.47)
Note that unlike the graviton and B-field vertex operators, (3.43) differs in the flat space
limit from other formulae appearing in the literature [21]. This is due to our use of a
complex fermion system for the spin 12 matter fields on the worldsheet, as opposed to the
real fermion system used elsewhere.
Unlike the previous cases, not all constituents of Vϕ are conformal primaries. In par-
ticular, the operators O(2)ϕ and O¯(2)ϕ are not primary, so when calculating QVϕ care must be
taken to account for contributions from their OPEs with stress tensor terms in the BRST
operator. The relevant OPEs are
(cT + bc∂c)(z)O(2)ϕ (w) ∼ −2
c∂c c˜ e−φe−φ¯
(z − w)2 ϕ+ · · · ,
(cT + bc∂c)(z) O¯(2)ϕ (w) ∼ 2
c∂c c˜ e−φe−φ¯
(z − w)2 ϕ+ · · · ,
(3.48)
so the anomalous conformal weight contributions cancel between the two operators.
The non-trivial ghost structure of all four contributions in (3.43) necessitates a careful
treatment of the ghost contributions to the action of the BRST operator. On a general
NS-NS background, the result is
QVϕ = 2cc˜ ∂c˜
(
∂e−φ e−φ¯ − e−φ ∂e−φ¯
)
(∇µ∂µϕ− 2 ∂µΦ ∂µϕ)
− cc˜ ∂c˜ e−φe−φ¯
[(
∂gµν + 2ψ¯µψν
) ∇µ∂νϕ+ 1
2
(
ψµψν − ψ¯µψ¯ν) Hµνσ ∂σϕ
]
. (3.49)
Requiring QVϕ = 0 therefore imposes scalar, symmetric and anti-symmetric equations of
motion on the perturbation:
∇µ∂µϕ− 2 ∂µΦ ∂µϕ = 0 (3.50)
∇µ∂νϕ = 0 , Hµνσ ∂σϕ = 0 . (3.51)
As expected, only the scalar equation (3.50) is the desired one; the two tensor equa-
tions (3.51) arise from the backreaction of the scalar perturbation on the metric and B-field
sectors.
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However, the situation for the dilaton vertex operator is worse than for the graviton or
B-field: even with a pure metric background, we still obtain a tensor equation ∇µ∂νϕ = 0,
which over-constrains the perturbation. Although the vertex operator (3.43) gives the
correct scalar equation of motion, its inclusion in the BRST cohomology enforces unphysical
constraints on the spectrum
3.4 NS-NS vertex operator
For each of the graviton, B-field and dilaton vertex operators, we have seen that the
associated vertex operator is not in the BRST cohomology of the type II ambitwistor
string on a general NS-NS background. While the graviton (3.12) and B-field (3.26) vertex
operators are BRST-closed on the support of the appropriate linearised field equations on
a pure gravity background, the dilaton operator is only BRST-closed on the support of
additional, unphysical equations for any sector of background fields.
These issues are overcome by combining the graviton, B-field and dilaton vertex op-
erators into a single NS-NS vertex operator, which simultaneously perturbs each sector of
the background. Indeed, from the space-time perspective this is much more natural than
exciting a perturbation of one of the fields on its own, since the non-linear equations of
motion (3.11) intertwine all three. This ‘fat graviton,’ sometimes expressed heuristically
as hµν ⊕ bµν ⊕ ϕ, is the natural perturbation of the NS-NS sector of type II supergravity.
The candidate vertex operator is given by summing together each of three vertex
operators constructed above:
VNS = Vh + Vb + Vϕ , (3.52)
where Vh is given by (3.12), Vb by (3.32), and Vϕ by (3.43). Computing QVNS is straight-
forward: we simply add together the results for the BRST operator acting on each of the
three components, (3.22), (3.39) and (3.49). The distinct ghost structures in the result
impose different constraints on the background fields.
From the terms proportional to cc˜e−φη¯ and cc˜e−φ¯η, we obtain the gauge conditions
∇µhµν = 2hµν ∂µΦ , ∇µbµν = 2 bµν ∂µΦ . (3.53)
Terms proportional to cc˜∂c˜e−φe−φ¯ encode tensorial equations of motion. The symmetric
equation, which appears contracted into (2ψ¯(µψν) + ∂gµν), is
∇λ∇λhµν − 2Rµρσν hρσ − 2Rλ(µ hν)λ − hρσHµρλHνσλ
−4
(
hσ(µ∇ν)∂σΦ+
1
2
∇σhµν ∂σΦ
)
+Hρσ(µ (db)ν)
ρσ − 4∇(µ∂ν)ϕ = 0 , (3.54)
while the anti-symmetric equation, which appears contracted into (ψµψν − ψ¯µψ¯ν), is
∇λ∇λbµν − 2Rρµνσ bρσ + 2Rσ [µ bν]σ + 4
(
bσ[µ∇ν]∂σΦ−
1
2
∇σbµν ∂σΦ
)
+2∇ρhσ[ν Hµ]ρσ − hρσ ∇ρHσµν − 2Hµνσ ∂σϕ = 0 . (3.55)
Finally, a scalar equation of motion
∇µ∂µϕ− 2∂µΦ ∂µϕ− H · db
24
= 0 (3.56)
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is imposed by terms proportional to the ghost structure cc˜∂c˜ (e−φ∂e−φ¯ − ∂e−φe−φ¯).
Sure enough, equations (3.53) are the generalized de Donder gauge conditions for
graviton andB-field perturbations, while equations (3.54)–(3.56) are precisely the linearised
equations of motion for the NS-NS sector of type II supergravity. Thus, VNS is in the BRST
cohomology of the type II ambitwistor string if and only if it encodes a physical, on-shell
perturbation for the NS-NS sector of supergravity on space-time.
4 Discussion
In this paper, we found vertex operators for the heterotic and type II ambitwistor strings
with curved background fields. In the heterotic case, we gave the gluon vertex operator
on any Yang-Mills background: BRST closure imposes the physical equations of motion
and gauge-fixing constraint on the gluon perturbation. For the type II model things are
more subtle. In a pure gravity background, we found graviton and B-field vertex operators
which are BRST closed when the appropriate physical constraints are imposed on the per-
turbations. On a general NS-NS background (composed of a metric, B-field and dilaton), a
fully consistent vertex operator is given by simultaneous encoding perturbations to all three
sectors. BRST closure then imposes the appropriate physical constraints on these pertur-
bations, given by the linearised equations of motion and a generalized de Donder gauge.
The fact that these vertex operators can be determined exactly — without recourse to
any background field expansion — points to a significant difference between ambitwistor
string and ordinary string theory, where such calculations on a general background would
be impossible. It should be noted that a generalization of the vertex operators given here
allows for any gauge-fixing condition on the perturbations — the procedure is a straight-
forward extension of what is done on a flat background [21]. The Lorenz or (generalized) de
Donder conditions obtained here are, in a sense, the ‘minimal’ such gauge-fixing constraints.
In this paper we restricted ourselves to studying the NS sector vertex operators and
left the analysis of the Ramond sector to future works. A first step would be to construct
these operators in flat space using the complex fermion since in previous works [18] the
R sector operators were constructed using two real fermions. With those results in hand
we see no obvious obstruction to finding the R sector vertex operators in curved space
following the same methods as for the NS sector.
Of course, one hopes to use these vertex operators to compute physical observables in
non-trivial backgrounds. At three-points, this requires knowing the operators in both the
fixed (i.e., negative picture number) picture emphasized here, as well as the descended ver-
tex operators (i.e., picture number zero). In the heterotic theory, the descended vertex oper-
ator (2.15) is easy to obtain through the standard procedure or linearising the constraint H.
In the type II case, one can again follow the standard procedure by colliding VNS
with the picture changing operators δ(β¯)G and δ(β)G¯, respectively. Some terms in the
resulting operator will be Q-exact and not contribute to correlation functions; these pure
gauge contributions can be isolated by applying the picture changing operators in different
order, and then comparing the results. Equivalently, the descended vertex operator can be
computed by linearising the H current (3.5) around the chosen background.
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On a general NS-NS background, the resulting vertex operator is complicated, but
in highly symmetric backgrounds (usually those of interest for perturbative calculations)
the descended vertex operator can be quite tractable. For instance, the three-point gravi-
ton amplitude on a vacuum plane wave space-time has been computed directly from am-
bitwistor strings [8]. We expect the descent procedure to be manageable enough for explicit
calculation of 3-point functions around other highly symmetric backgrounds.
To obtain genus zero, n-point worldsheet correlations functions (for n > 3), the ana-
logue of descent with respect to the H current must be understood. In flat backgrounds,
whereHflat = Π2, this procedure is understood and leads to the appearance of the scattering
equations [1, 18, 19]. However, on general backgrounds H has complicated X-dependence
which obstructs a straightforward evaluation of the path integral. In deformations of the
ambitwistor string, where H has X-dependence even in flat backgrounds, it is still not
understood how to perform descent with respect to H [22–24]. Clearly, a resolution of this
issue is required if ambitwistor strings are to be a useful tool in the study of perturbative
QFT on curved backgrounds.
Finally, we note that the fate of the GSO projection (which ensures that the spectrum
of the type II ambitwistor string is equivalent to that of type II supergravity) in curved
space remains unclear. Indeed, in the graviton vertex operator (3.12) the term proportional
to a worldsheet derivative does not obey the na¨ıve GSO projection, but is clearly required
to ensure that QVh = 0 yields covariant equations. Other terms in the B-field and dilaton
vertex operators also na¨ıvely seem to be in the GSO-odd sector, but dropping them yields
non-covariant or unphysical (algebraic and first derivative) equations of motion.
One potential way to address the issue of the GSO projection is to formulate the
curved space worldsheet theory with two real fermion systems, rather than the complex
fermion system used here. The price to pay is that the action is no longer free and a true
background field expansion must be used. OPEs would be calculated order-by-order in
perturbation theory, but we expect that calculations of the nilpotency of Q and Q-closure
of vertex operators will become trivial after a certain low loop order. This follows from
the fact that the non-perturbative calculations using the complex fermion model give only
a finite number of low order poles in the OPEs.
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